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Phase portraits and exact solutions of coupled differential equations
You are given the following differential equations.
X=x-—2y
y=x+dy
Show that this system of equations has eigenvalues:

A_1+diVﬂ—2d—7
N 2

A-2Dd-A)+2=0

P2—A+dAr+d+2=0

1+d+/(A+d)?-4(d+2)
A= 2

1+4d+tvVd?—-2d—-7
A= >

Hence describe the nature of the solutions to the coupled differential equations near
the origin for the following values of d.

d=-15

Complex with negative real part: solutions move towards the origin (spiral).

A A
g
vt
bbb L
PR A I A
//:g/.?.///,//;////
I T Ey

PRI AR
P RS e
S e e
N e
PP RSN
v =N
G s\ )}
=N

~pyryrrzs
P2

4/////;/5 A
et //',//' P
2AAAA AT A
.//'/"'}"//////'

//////////////
7 A
ZIPP PPy Y

PAAAAASS

AP WY 2 W
AAAAT A
P YUY
PP PP Y.

on s oz

o 3 o o

Copyright © Andrew Chambers (2021). All rights reserved.



~2¢ Intermathematics

20 Maths Resources for International Schools

() d=0

—
P P o
e e g = g 4

= >

NNN NSNSy

NN NSNS sy

SRS (UG GG s e e e

PR A A AV A A A b Pl e g g )
PV A A A AV Ay ey ardVar gl ab B ah b ol ol ol
VR N SN A A S S U g il i
K KKK E|E e e e e e —— NN
P S i e o S N L |
P AV A N L
AT e ardrs

==
—

i

\; ’

f)/ ,

z
ez
N

g

L d il ol
ot i ol ) d
A AAAA A
NN > > T AN A AT
O S D P PPN I S

N

i
7
~
77
”
~
7
~

eSS NNNNNNNRNN
PACSE S NN N AN N VL U VAN
re=~NKNINNKNKNKNN

/
1)
!
\
\
\
\
\

AN NN N NN NN N N N>

—_— T TAANAAAAATA

\
\

—-— > A AAIANTITIIAIAANAAA

(iv) d=4
Real and positive: all solutions move away from origin (no spiral)
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(v) d=-19
d=-1.9
Real and negative: solutions move towards the origin (no spiral)
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(©) Which of the d values found above match the following phase portraits?
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First phase portraitisd = —1.5
Second phase portraitisd = —1
Second phase portraitis d = 4
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(2)  Youare given the following coupled differential equations:
X=x+Yy
y=3x-y
(a) Find the eigenvalues and associated eigenvectors for these equations
(5" )
|1;/1 _11_/1| —0

1-D(-1-1)-3=0

A2—4=0
A=%2
A=2
(152 _11_2)
—x+y=0
3x—3y=0
1)

A==2
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(b)  Describe the behavior of the solutions near the origin.

The origin is a saddle:
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(c) Find the exact solution given thatx = 1,y = 2 when t = 0.

(5) = e (1) + e (2y)
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(3)  You are given the following coupled differential equations:

(a) Find the general solution to these equations.

0-1 3 |_
-2 0—/1|_0
224+6=0
1= +V6i

(b)  Which of the following phase portraits represents this system?
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The answer is the middle one (ellipse)
(4)  You are given the following coupled differential equations:
X = ax + by
y=cx+dy
Show that these equations have distinct real eigenvalues when:

a? + b? > 2ad — 4bc
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a;A dﬁA:o

(a=Dd—-2)—bc=0

A —(a+dA +ad—bc=0

A_a+diJw+dV—4Md—M)
a 2

(a+d)? —4(ad — bc) >0

(a+ d)? > 4(ad — bc)

a? + d? 4+ 2ad > 4ad — 4bc

a?+d? > 2ad — 4bc
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