Maths TOK Support
The following content has been designed to span 2 hours of lesson activities. The main goals
are as follows:
Goals:
(1) Finding a definition for mathematics
(2) Discussing where does mathematical ability come from
(3) Discussing existence in mathematics – does maths exist independent of humans?
(4) Can we prove someone has psychic abilities?
(5) Can you draw a triangle with 3 right angles?
(6) Discussing proof in mathematics – can we prove that 1=2?
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Activity 1
Can we define mathematics?
(1) Students are split into groups. They should discuss and each group should arrive at a
definition for mathematics. They should then discuss answers.
(2) Groups are then given the following 10 quotes from 10 (mostly) mathematicians. These
should already be cut up. Students then rank the 10 quotes for which one they feel most
closely captures the nature of mathematics.
(1) “The subject in which we never know what we’re talking about, nor whether what we are
saying is true.” Bertrand Russell
(2) “The highest form of pure thought is mathematics.” Plato
(3) “The study of the measurement, properties and relationships of quantities and sets, using
numbers and symbols.” American Heritage Dictionary
(4) “Mathematics is a broad-ranging field of study in which the properties and interactions of
idealized objects are examined.” Wolfram Mathworld
(5) “The science of quantity.” Aristotle
(6) “Mathematics is the language in which God wrote the universe” Galileo
(7) “Pure mathematics is, in its way, the poetry of logical ideas” Einstein
(8) “A mathematician, like a painter or poet, is a maker of patterns” G. H Hardy
(9) “Mathematics is the queen of science and arithmetic is the queen of mathematics.” Gauss
(10) “Mathematics is engaged, in fact, in the profound study of art and the expression of
beauty.” J.B. Shaw

(3) Collect the data from groups to arrive at the top 3 definitions – what are the similarities
between these 3? Are there any definitions students disagree with?
(4) Reflection. Some of the key ideas in these quotes are:
Beauty and purity. To what extent is mathematics beautiful?
Mathematics as a language to understand the universe.
Mathematics as art – a creative endeavor like poetry or painting
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Activity 2
Where does mathematical ability come from?
(1) The following big questions are written on the board:
Is mathematical ability innate (something that people are born with)?
Is mathematical ability something which is learnt?
What happens in your brain when you do maths?
Are maths geniuses different? How much of their success is down to hard work and how
much due to innate ability?
(2) Students are split into groups. They should discuss and each group should arrive at a
conclusion for where mathematical ability comes from They should then discuss answers.
(3) Students watch the following linked video: Maths Genius Computes in the Blink of an Eye
(6 mins)
https://www.youtube.com/watch?v=Xd1gywPOibg
This is a video about Daniel Tammet – an autistic savant with synesthesia and remarkable
memory and calculation abilities. His synesthesia began in childhood when he had a violent
epileptic fit.
(4) What does this video say about ability in mathematics? Daniel’s brain can do arithmetic
calculations without the calculations! Is this ability locked away in everyone’s brain?
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Activity 3
Is mathematics a feature of the universe or a feature of human creation?
(1) There are 4 main bodies of thought on this. Cut out the following 4 definitions and in
groups students read and rank as to which they feel most accurately answers the question
above.
A) Platonism
The basic philosophical question in maths is ontological – i.e. concerned with existence. The
Platonic school (named after Greek philosopher Plato) holds that mathematical objects can
themselves be said to exist. There is no true geometry except idealized geometry (for
example it is impossible to draw a one dimensional line or a true circle). Therefore is there a
“perfect circle” in the realm of ideas upon which all circles on Earth are simply imitations? Is
this circle independent of human thought? Does pi exist outside of human experience – and
indeed space and time? The hard Platonists argue that mathematical structures themselves
are physically real – and indeed that our universe may be a mathematical structure.

B) Logicism
Logicism seeks to reduce all of mathematics to logical thought – if all mathematics is
reducible to logic does that mean that mathematics is purely an intellectual exercise? 20th
Century efforts by Bertrand Russell and others to reduce mathematics to logical statements
have not enjoyed much success.

C) Intuitionism:
“According to intuitionism, mathematics is essentially an activity of construction. The natural
numbers are mental constructions, the real numbers are mental constructions, proofs and
theorems are mental constructions, mathematical meaning is a mental construction.
Mathematical constructions are produced by the ideal mathematician, but even the ideal
mathematician remains a finite being. (Paragraph from Stanford).
In other words, mathematics therefore does not really exist in any physical sense – it is
merely a construction of the mind.
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D) Fictionalism:
“Fictionalism holds that mathematical theories are like fiction stories such as fairy tales and
novels. Mathematical theories describe fictional entities, in the same way that literary fiction
describes fictional characters. This position was first articulated in 1989, and has in recent
years been gaining in popularity.” (Paragraph from Stanford).
This line of thought tries to explain the amazing effectiveness of mathematics in describing
the real world in a novel way – by denying that it does! The reality that we think is being
described by mathematics is nothing more than fiction – there is an underlying reality which
we know nothing about. Think about Nick Bostrom’s Computer Simulation argument – if we
were within a computer simulation, then our mathematical laws may very well explain the
computer code – but the real reality would be that which existed outside the computer.

(2) Students watch the following video: Is mathematics a feature of the universe or a feature
of human creation? (8 mins)
https://www.youtube.com/watch?v=TbNymweHW4E
To better understand the case for factionalism, students could watch the following video: The
simulation argument (2 mins).
https://www.youtube.com/watch?v=GA7V8Z533FI
(3) Which of the cases A, B, C, D feels most likely? D instinctively feels absurd but is this
instinct simply down to its disconcerting implications - that nothing we experience is really
real? Can we ever know which of these is true? If we can’t ever know which of these is true
is there any point in asking the question?
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Activity 4
Is mathematics invented or discovered?
One of the most interesting questions to investigate with regards to Theory of Knowledge is
the relationship between maths and reality.
The big questions
Why does maths describe reality?
Are the mathematical equations of Newton and Einstein inventions to describe reality, or did
they exist prior to their discovery?
If equations exist independent of discovery, then where do they exist and in what form?

(1) Students are given a printed version of the passage on the following 2 pages and spent
10-15 minutes reading and making notes of key ideas.
(2) An additional resource is the famous essay “The unreasonable effectiveness of
mathematics in natural sciences” by Eugine Wigner, the Noble prize winning Physicist.
Students can do additional reading on this.
https://www.maths.ed.ac.uk/~v1ranick/papers/wigner.pdf
(3) Students attempt to answer the 3 big questions asked above by writing 3-5 paragraphs
based on the content of the passage, their own thoughts and any additional research
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Is mathematics invented or discovered?
We live in a mathematical universe. Mathematics describes the reality we see, the reality that
we can’t, and the reality that we suppose. Mathematical models describe everything from the
orbital path of Jupiter’s moons, to the flight of a football through the air, from the spiral
pattern of a shell to the evolution of honeybee hives, from the chaotic nature of weather, to
the expansion of the universe.
But why should maths describe reality? Why should there be an equation linking energy and
mass, or one predicting the decay of a radioactive atom or one even linking three sides of a
triangle? We take the amazing predictive powers of mathematics for granted, and yet these
questions lead onto one the most fundamental questions of all – is mathematics a human
invention, created to understand the universe, or do we simply discover the equations of
mathematics, which are themselves woven into the fabric of reality?
The Second Law of Motion which links force, mass and acceleration, drawn up by Sir Isaac
Newton in 1687, works just as well on the surface of Mars as it does on Earth. Einstein’s
equations explaining the warping of space-time by gravity apply in galaxies light years away
from our own. Heisenberg’s uncertainty principle, which limits the information we can know
simultaneously about a subatomic particle applied as well in the post Big Bang universe of
13.7 billion years ago as it does today. When such mathematical laws are discovered they do
not simply describe reality from a human perspective, but a more fundamental, objective
reality independent of human observation completely.
Anthropic reasoning
Anthropic reasoning could account for two of the greatest mysteries of modern science –
why the universe seems so fine-tuned for life and the “unreasonable effectiveness of
mathematics” in describing reality.
The predictive power of mathematics might itself be necessary for the development of any
advanced civilisation. If we lived in a universe in which mathematics did not describe reality
– i.e. one in which we could not use the predictive mathematical models either explicitly or
implicitly then where would mankind currently be?
At the core of mathematical models is an ability to predict the consequences of actions in the
natural world. A hunter-gatherer on the African savannah is implicitly using a parabolic flight
model when throwing a spear, if mathematical models do not describe reality, then such
interactions are inherently unpredictable – and the evolutionary premium on higher
cognition which has driven human progress would have been significantly diminished. Our
civilisation, our progress, our technology is all founded on the mathematical models that
allow us to understand and shape the world around us.
Anthropic reasoning requires that the act of conscious questioning itself is taken into
account. In other words, it is certain that we would live in a universe both fine-tuned for
mathematics and fine-tuned for life because if our universe was not, we would not be an
advanced civilisation able to consider the question in the first place.
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This reasoning does however require that we simply accept what appear to be the
vanishingly small probabilities that such a universe would be created by chance. For
example, Martin Rees, in his book, “Just Six Numbers” looks at six mathematical constants
which were they to alter even slightly would create a universe which could not support life.
Whilst tossing a coin and getting 20 heads in a row is unbelievably unlikely, if you repeatedly
do this millions of times, then such an occurrence becomes practically assured. Therefore
using this mathematical logic, any vanishingly small probabilities can be resolved. The
universe is the way that we observe it, precisely because it is a universe taken from the set of
all universes in which we can observe it.
Mathematics as reality
An even more intriguing possibility is that maths doesn’t merely describe reality – but that
maths itself is the reality. When we view a website, what we are actually viewing is the
manifestation of the website source code – which provides all the rules that govern how that
page looks and acts. The source code does not simply describe the page, but it is what
generates the page in the first place – it is the underlying reality that underpins what we
observe. Using this same reasoning could explain why our continued search for a Theory of
Everything continually discovers new mathematical formulae to explain the universe –
because what we are discovering is part of the universal source code, written in
mathematics.
MIT physicist Max Tegmark, describes this view as “radical Platonism.” Plato contended that
there exists a perfect circle – in the world of ideas – in which every circle drawn on Earth is a
mere imitation of. Radical Platonism takes this idea further with the argument that all
mathematical structures really exist – in physical space. Therefore there is a mathematical
structure isomorphic to our own universe – and that is the universe we live in.
Whilst this may seems rather far fetched, it is worth noting that in quantum mechanics it is
difficult to distinguish between mathematical equations and reality. It is already clear that
mathematical equations -wave functions – describe reality at the subatomic level. At this
level the spatial existence of particles is described not in terms of classical co-ordinates, but
in terms of a probability density function. What is still not clear after decades of debate is
whether this wave function merely describes reality (e.g. the Copenhagen interpretation), or
if this wave function itself is what really exists (e.g. the Many Worlds interpretation). The
latter interpretation would necessitate that at its fundamental level mathematical equations
are indeed reality.
It is clear that there is a remarkable relationship between mathematics and reality, indeed
this relationship is one of the most fundamental mystery in science. We live in a
mathematical universe. Whether that is because of nothing more than a statistical fluke, or
because of the necessary condition that advanced civilisations require mathematical models
or because the universe itself is a mathematical structure is still a long way from being
resolved. But simply asking the question, “Why these equations and not others?” takes us on
a fantastic journey to the very bounds of human imagination.
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How does mathematics form the basis of our knowledge in other subjects?
The big question
Is mathematics the foundation of our knowledge in the sciences, medicine and psychology?
(1) Students discuss this statement. What examples can students think of how mathematics
underpins knowledge?
(b) The teacher brings the following example if the students have not thought of it:
What constitutes “knowledge” in many branches of the experimental sciences is based on
probability – when we say that a drug is effective, what we are really saying is that trials have
been conducted and the probability of the success of the drug being explained by chance is
less than 𝑥 %. Usually we consider a result significant if there is less than a 5% chance of it
happening by chance.
We have a number of statistical tests (Chi squared, t-test, binomial distribution, normal
distribution, Poisson distribution etc.) All of these are mathematical tests which help arrive
at a probability that something has occurred by chance. Such tests are used frequently
across research literature in medicine, psychology, education and elsewhere.
Does that mean that our mathematics is fundamental to our knowledge in these subjects?
(2) Does psychic ability exist? Students are asked for their responses to this question. If they
say it does not, then what evidence do we have? Our evidence is based on large-scale or
large trial tests in which statistically significant evidence has not been found. But what level
of statistical significance would be required to convince the class that they possessed psychic
ability? 5%? 1%? 0.1%? 0.1% significance means that something would only happen by
chance 1 time in 1000.
(3) Students are split into pairs and given the ESP cards below. Each student cuts out their
own 5 cards. One student then shuffles their pack to select a card which they place at the
front. They then transmit this card to their partner, who points at the card in their own deck
which they believe is being transmitted. The student then reveals if the guess was correct or
not. This is done 15 times, and the results noted. Students then swap roles.
(4) Depending on when in the course this is done students may recognize that this can be
modeled by a binomial distribution. We can work out how many students need to guess in
order to be statistically significant:
𝑋~𝐵(15,0.2)
𝑃 𝑋 ≤ 5 = 0.93894857
𝑃 𝑋 ≤ 6 = 0.98194119
Therefore
𝑃 𝑋 ≥ 7 = 1 − 0.98194119 ≈ 0.0181
So if someone gets 7 or more correct this is significant at the 5% level (in this case there is
only around a 1.8% probability of this happening by chance).
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ESP card resources

Person 1 Trial
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Success or failure

Person 2 Trial
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Success or failure

Mathematical proof – how can we prove that something is true?
Introduction ideas
Mathematical proof rests logical steps based on fundamental axioms (an un-provable rule or
first principle accepted as true). Some of our fundamental axioms in geometry are that:
1) A point has zero size
2) Lines have only length and no width
In reality this means that no-one has ever drawn (or seen) a true line or a true point!
When we talk about arithmetic and state the following:
1+1=2
An unstated axiom is that we are in base-10. If we were in base-2 (binary) we would get:
1 + 1 = 10
So it is important to understand our unstated rules.
Proof 1: Students can be shown the following diagram. This is a way of proving that the
angles in a triangle add up to 180 degrees. We simply need to start with the axiom that
angles on a straight line add up to 180 degrees (and also assume Euclid’s parallel postulate).
Then using alternate angles we can show that the angles in any triangle will also add to 180
degrees.
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(1) Student activity – students are given some paper and pens. There should also be some
oranges on the table (clearly don’t just hand these out for this task – ideally they have been
on the desks from the start of the lesson and have been explained away as to be used at the
end of the lesson).
First students are asked to define a triangle. This can be discussed.
They are then given the following definition of a triangle:
A triangle is formed when 3 points not on a straight line are joined by the lines which are the
shortest distance between those 3 points.
Check that students understand and accept this as a valid definition.
Then ask the students to draw a triangle with 3 right angles.
Eventually students will consider the orange – the solution is below:

https://www.researchgate.net/figure/A-spherical-triangle-with-three-right-angles_fig10_237417585

Does this definition fit with our definition of a triangle above? Yes the lines connecting the
points are great circles which are the shortest distance over a sphere. So, definitions (and
axioms) matter!
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Does 1=2?
(1) Students watch the following video – a proof that 25/5 = 14.
https://vimeo.com/27986708
The following proof is given to students. Can they spot the error (they should write down
rather than shout out as some may already know this!)
Definition
𝑎=𝑏
!

𝑎 = 𝑎𝑏
𝑎! − 𝑏 ! = 𝑎𝑏 − 𝑏 !

Multiply both sides by a
Take away 𝑏 ! from both sides
Factorise

𝑎 + 𝑏 𝑎 − 𝑏 = 𝑏(𝑎 − 𝑏)
𝑎+𝑏 = 𝑏

Divide both sides by (𝑎 − 𝑏)
use the definition 𝑎 = 𝑏

𝑏+𝑏 = 𝑏
2𝑏 = 𝑏

Simplify
Divide by b

2= 1
The error is in dividing by (𝑎 − 𝑏) as if from our definition 𝑎 = 𝑏, 𝑎 − 𝑏 = 0 and we can’t
divide by 0.
Therefore in maths our starting axiom/definitions are important! Each step should logically
follow otherwise our conclusion is not valid.
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Conclusions
1) There is no clear definition nor understanding about what mathematics is
2) There is an unresolved debate about whether maths constitutes an objective reality, if it
merely a subjective experience or indeed if it simply describes a fiction
3) All mathematical proof is built on axioms. Changing the axioms will have profound effects
on the proofs you then derive. Pythagoras' Theorem is only true if we start with Euclidean
axioms.
4) Scientific knowledge in the experimental sciences is built on the objectivity of
mathematical statistical tests. However this does constitute "proof" in the mathematical
sense - merely a likelihood that something is true. Mathematics can also not spot flaws in the
initial experimental design.
5) Mathematical proof is an incredibly powerful way of knowing - but beware of false steps
that lead to false conclusions!
6) Mathematics is a key tool used by both philosophy and physics on questions of existence.
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